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Magnetic monopole loops generated from calorons with nontrivial holonomy 
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We study whether or not magnetic monopoles are generated from calorons defined in the space 
R 3 x S 1 with the period /?. We give numerical evidence that one-caloron solution with nontrivial 
holonomy generates two loops of magnetic monopole and each loop passing through one of the two 
poles of the caloron winds along the time direction for small f3, while two loops approach each other 
to fuse into an unwinding loop for large f3, suggesting the existence of a critical value of f3 separating 
two different phases. This work is a first step to explain quark confinement/deconfinement at finite 
temperature from the viewpoint of dual superconductor picture in our framework. 

PACS numbers: 12.38.Aw, 21.65.Qr 



I. INTRODUCTION 

The dual superconductor picture [l[ was proposed as a 
promising mechanism for explaining quark confinement 
due to strong interactions. In this picture, quark con- 
finement is realized by squeezing color electric fields con- 
necting quark and antiquark due to the dual Meissner 
effect which originates from condensation of magnetic 
monopoles. For this picture to be true, there must ex- 
ist a Yang-Mills field configuration from which a mag- 
netic monopole originated draws a trajectory of a closed 
loop in four-dimensional spacetime (as guaranteed from 
the magnetic current conservation) (2j, while a mag- 
netic monopole is a point-like object in three-dimensional 
spacetime. A candidate for such a Yang-Mills field con- 
figuration will be the classical solution of the Yang-Mills 
field equation, which is expected to give a dominant con- 
tribution to the path-integral of the Yang-Mills theory. 
Moreover, we look for the Yang-Mills field having a non- 
trivial topological invariant with a desire that it could be 
related to the magnetic charge in the dual description of 
the Yang-Mills theory. 

From this viewpoint, we have studied topolog- 
ical classical solutions of the Yang-Mills field equation; 
merons and instantons, and we have shown that 

closed loops of magnetic monopoles are indeed gener- 
ated from topological classical solutions of the Yang- 
Mills theory in the gauge- invariant way. In Q, it has 
been analytically shown that the 2-meron (dimeron) as a 
non-self-dual solution generates closed loops of magnetic 
monopole, which go through two poles of the 2-meron, 
see also [J] for the corresponding numerical result. This 
result confirms the preceding results of numerical studies 
for merons performed in a specific gauge fixing (Toj . 



According to preceding studies [lT| - [l3j . on the other 
hand, it was believed that instantons as self-dual solu- 
tions of the Yang-Mills field equation don't contribute to 
quark confinement. In fact, one-instanton solution and 
multi-instanton solution of 't Hooft type failed to detect 
the loop of magnetic monopole. In [5j, however, we have 
discovered in a numerical way that a loop of magnetic 
monopole is generated from the two-instanton solution of 
the Jackiw-Nohl-Rebbi (JNR) type. Moreover, we have 
clarified in [1J| why the two-instanton of 't Hooft type 
does not generate the magnetic monopole loop, using a 
fact that the two-instanton of 't Hooft type is obtained 
as a special limit of JNR solution. 

In this paper, we proceed to study the magnetic 
monopole content in caloron solutions, i.e., periodic in- 
stantons, with trivial holonomy [15| and nontrivial holon- 
omy [H 03]. We study in a numerical way whether 
or not the caloron can be a source for loops of mag- 
netic monopoles defined in the space R 3 x S 1 with the 
period (3. Especially, we focus on the (i dependence 
on the behavior of the generated loops. The physical 
motivation of this study is to understand the confine- 
ment/deconfinement phase transition in the Yang-Mills 
theory at finite temperature from the viewpoint of mag- 
netic monopoles. This work is a first step toward this 
direction. 

This paper is organized as follows. In section II, we re- 
view calorons with trivial holonomy and nontrivial holon- 
omy. In section III, we set up our framework to study 
the gauge-invariant magnetic monopole derived from a 
given Yang-Mills field configuration, and explain how to 
perform numerical calculations on a lattice used for reg- 
ularization. In section IV, we give a main result of our 
numerical calculations for detecting loops of magnetic 
monopole. In the final section, we summarize the result. 



II. CALORON 
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given by 

[AV (^) ^ fiiy (*^) > 

where F At „ is the field strength of A M 

F^(x) = 5 /i A I ,(x) - d v A^(x) - 15 [A M (a;), A„(x)] , 

and *F pi/ is the Hodge dual of F M „: 
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(1) 



(2) 



(3) 



Here the periodic boundary condition should be under- 
stood on the gauge field A M (x) defined on i 3 x S 1 : 



A^(x,t + /3) = A^(x,t), 



x e 



t E S , x = (x, t) , 



(4) 
(5) 



where the periodicity f3 in Eq.(j4]) is the circumference of 
S 1 . 

A caloron is classified by the topological charge Q with 
the charge density D: 

d 3 x / dt D(x,t) 
Jo 

1 r rP 



|( . , j d 6 x dttr[F^{x,t) *F^(x,t)], (6) 

just like an instanton. In addition, it is specified by a 
holonomy: 

H= lim Pexplig [ dt A A (x,t) \ , (7) 
|£|-k» y J J 

where P represents a path-ordered product along S , 
The existence of the periodicity /3 and the holonomy are 
new aspects of calorons, compared with instantons. 



A. HS caloron 

The one-caloron having a unit topological charge Q = 
1 and a trivial holonomy H = 1 for the gauge group 
SU(2) was discovered by B. J. Harrington and H. K. 
Shepard . This solution is called the HS caloron. The 
HS caloron is given by 

ffA„(af,t) = -r,^T A d v log<j>(x,t), 



(x, t) = l + 



Ap 2 



sinh (\\x ~ Xq\) 



2 \x — xq\ cosh (A \x — xq\) — cos (A (t — t )) ' 

(8) 



where Ta = <Ja/2 (&a'- Pauli matrices) and Tj^v^ is the 
symbol defined by 

V^u = ± SAnSui T Sav^iiA- (9) 

Here Xq = (xo,to) is the center parameter and p is the 
size parameter, and A is the parameter associated with f3 
by A = 2tt/P. 



B. KvBLL caloron 

The one-caloron having a unit topological charge Q = 
1 and a nontrivial holonomy H ^= 1 for the gau ge g roup 
SU(2) was found out by C. Kraan and van Baal [ll| and 
independently by Lee and Lu pjj ■ This solution is called 
the KvBLL caloron. The KvBLL caloron is given by 



$Re 



(vli +} ~ ivl^) (Ti + iT 2 ) {d u + iv6 v4 ) ( 

(10) 



where ReM = [M + M r )/2 for the matrix M. The used 
functions are 



(11) 

ip 

•ijj = — cos(^(i — to)) + cosh(w|^) cosh(w|s|) 

sinh(w|r|) sinh(w|s|), 



\r\\s\ 



(12) 



ijj = i[) ■ 



4|r||s| 



sinh(w|r|) sinh(w|s|) 



cosh(w|r|) sinh(t)|s|) 



2s 

o 

pp 

^p^r sinh(io|r|) cosh(w|s|), 
_ t \Sinh(w|s|) sinh(w|r| 



V£_ I -in(t-t ) 
2i> { e \s\ 

2tt 9 2n~6 



\r\ 



fi-v, 

„2 



- - , P 2 a - - - P" w a 
• T_ ' T ° + ^«^' s — x ~ xq ~ —r 9, 

(0,0,0), 



(13) 

(14) 

(15) 

(16) 
(17) 



where x 1 ^ — (x Q , i ) and p are respectively the center and 
the size parameters, and 9 is the parameter related to the 
holonomy. The KvBLL caloron is characterized by the 
parameters Xq 7 p, j3, 9. 

As x p goes to spatial infinity, the KvBLL caloron 
Ea.([T0"l) behaves 



H = e-^ vTs = 



gAi(x,t) -> 0, gA 4 (x 7 1) ->■ -vT 3 (x -> oo). (18) 
Therefore, a holonomy of the KvBLL caloron reads 

- WT \ (19) 



which reduces to the HS caloron at 9 — 0. 

The KvBLL caloron has two poles at p\ = (xq — 
{p 2 /2f3) 9, t ) and p 2 = (x + (p 2 /2(3) (w/v) 9, t ). The 
distance between two poles is given by 



\PI 



Vi\ = 



Xq 



2/3 



x 



p 2 w 
2^7' 



irp 

T 



(20) 
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The KvBLL caloron behaves as a dyon in the vicinity of a 
respective pole. The dyon is a BPS monopole specified by 
chromo-electric and chromo-magnetic charges in SU(2) 
Yang-Mills theory on R 3 [lj]. 



III. SETTING UP NUMERICAL 
CALCULATION 

We proceed to extract magnetic monopoles from a 
caloron using a method which was originally formulated 
in the continuum by Cho [l9| and Duan and Ge [13] inde- 
pendently, readdressed later by Faddeev and Niemi [2fJ 
and Shabanov [22j, and further developed by our group 
[23M25I . I32I] . This method enables one to extract magnetic 
monopoles from the original Yang-Mills field without 
breaking the gauge symmetry. For SU(2), this method 
[23T - I25T ] is a gauge-invariant extension of the Abelian pro- 
jection invented by 't Hooft [3l|. For SU(3), this method 
does not necessarily reduce to the Abelian projection and 
there appear non- Abelian magnetic monopoles, see (32j 
for the details. 

In this method for SU(2), we introduce a color field 
n(x) with unit length into the original Yang-Mills theory: 

11(1) = n A (x)T A , (T A := a A /2) , (21) 
n A (x)n A (x) = 1, (22) 

where a a {A = 1,2,3) are the Pauli matrices. The fol- 
lowing field Vu(x) defined from the original Yang-Mills 
field A^(x) and the additional color field n(x) plays the 
key role in this formulation: 



V M (x) := c^(x)n(x) - ig 1 [9 M n(a;), n(x)] , (23) 



where 



c M (x) := 2tr(n(x)A p (x)) 



(24) 



In fact, from the remarkable fact that the field strength 
of V^(x) is parallel to n(x): 



F ; ,,[V] 



d V 



- G b 



dyVp-ig [V M ,V„] 
■ d u Cn + 2zg~ 1 tr(n [d^n, d v n] )} n 



we can define the gauge-invariant field strength 

G^{x) =2tr(nF^[V]), 
and the gauge-invariant monopole current as 

W{x) := d v *G»"(x) = )^»P°d v G pa {x). 



(25) 



(26) 



(27) 



In order for this method to work, the color field must 
be determined from the original Yang-Mills field. For 
this purpose, we impose a condition of minimizing the 
functional, which we call the reduction functional: 



-Fled 



J d 3 x J d*~tr[{D M [A]n(x)} 2 ], 



(28) 



where D^[A] = <9 M — igA^. We can obtain n(x) by solv- 
ing a differential equation which we call the reduction 
differential equation (RDE): 



D M [A]£> M [A]n(a;) = A(x)n(x). 



(29) 



The solutions of the RDE give the local minima of the 
functional i^ re d- Here we impose the periodic boundary 
condition: 



n(x*, t + 



n(x,t), 



(30) 



since n(x) must be defined on R 3 x S 1 . 

Once the reduction condition is solved, thus, we can 
obtain the monopole current fc M from the original gauge 
field A^ . The gauge- invariant magnetic charge is defined 
by 



(31) 



in a Lorentz (or Euclidean rotation) invariant way 



In this paper, we adopt a lattice version [2614301 1331 . 
H3| of the above method and we perform the procedures 
explained in the above in a numerical way. In the lattice 
regularization we use for numerical calculations, the link 
variable U XtfJ is related to a gauge field A^ in a continuum 
theory by 



i rx+afi I 

PexpligJ dyA^(y)>, 



(32) 



where a is a lattice spacing and fi represents the unit 
vector in the \x direction. The lattice version of the re- 
duction functional in SU(2) Yang-Mills theory is given 
by 

F ied [n,U] =^{l-4tr({7 x , jU n a:+(lA {7^n x ) /tr(l)} , 

(33) 



where is a unit color field defined on a site x, 

n x =n A T A , n A n A = l. (34) 



We introduce the Lagrange multiplier to incorpo- 
rate the constraint of unit length for the color field (|34|) . 
Then the stationary condition for the reduction func- 
tional is given by 

^^F ied [n,U]-^X x (n A n A -1)^ = 0. (35) 

When F rcd takes a local minimum for a given and fixed 
configurations U x ,fi, therefore, a Lagrange multiplier X x 
satisfies 



W A = X x n A 



and the color field n A satisfies 



n A n A = 1, 



(36) 
(37) 
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where 

4 

= 4Y, tr { u ^ n *+^ u L TA 

+ U x _ ail ,,T A Ul_ a ^n x _ ail ) /tr (1) . (38) 

Eg. (131)1) is a lattice version of the RDE. We are able to 
eliminate the Lagrange multiplier to rewrite (136[) into 



x VWW' 



(39) 



A derivation of this equation is given in our previous 
paper [5(. Thus the color field configurations n x are ob- 
tained by solving (1391) in a numerical way. 

After obtaining the configuration for given configu- 
rations U x ,n in this way, we introduce a new link variable 
V x a on a lattice corresponding to the restricted field (f2"3")) 
by 



ti[L X)li Ll ilt ] 



2 |_" ^^"a^./ij 



(40) 



Finally, the monopole current fc Xl(U on a lattice is con- 
structed as 

£ _ e M^pg Qa+ai>, p<r[ n i ^1 ~ Qa : pcr[n, Vj 

47r a 

through the angle variable of the plaquette variable: 
Qx lf w[n, V] 

= a- 2 arg (tr {(1 + n x ) V x ^V x+afl ^ +a0 ^Vl^ 

/tr(l)). (42) 

In this definition, k x ifJi takes an integer value [26l [27j. 

To obtain the configuration satisfying ([55)1 , we re- 
cursively apply (1391) to n x on each site x and update it 
keeping n x fixed at a spatial boundary dV R 3 of a finite 
lattice 



v = v R 3 x y S i , 



.3 = {-aL x ,aL x } 3 , Vgi = [0, aL t ] , 

(43) 

until F rcc i converges. We should impose a periodic bound- 
ary condition at dVsi- Since we calculate the k Xifl con- 
figuration for the caloron configuration in this paper, we 
need to decide a boundary condition of the n x config- 
uration in the caloron case. We recall that one-caloron 
configuration approaches a pure gauge at spatial infinity 
|x| — > oo: 

gA^(x,t) ^ ih) {x,t)d^h{x,t) + 0{\x\- 2 ). (44) 

Then, n(x) as a solution of the reduction condition is 
supposed to behave asymptotically as 



n(x,t) -> h i {x,t)T 3 h(x,t) + 0(\x\- a ), 



for a certain value of a > 0. Under this idea, we adopt a 
boundary condition: 



n 



bound 



= rf(x, t)T 3 h(x, t), x e dV R 



(46) 



In practice, we start with an initial state of the {n x } 
configuration: n" 11 * = (x)T 3 h(x) for x <E V. Then, 
we repeat updating n x on each site x according to (|3T))) 
except for the configuration n^ ound on the boundary dV 
satisfying (PfBl) . 

It should be remarked that these asymptotic forms ((33]) 
and (1431) satisfy the RDE asymptotically in the sense that 



D M [A]n(a;) -» (\x\ — > oo), 



together with 



X(x) — > (|x| ->• oo), 



(47) 



(48) 



which is necessary to obtain a finite value for the reduc- 
tion functional [3j: 

F rcd = J d 3 x J dt^X{x) < oo. 



(49) 



IV. MAIN RESULT 

We focus our interest on the support of k Xt/x , namely, 
a set of links {x,p\ on which k Xjfi takes non-zero values 
k Xjfi 7^ 0. This locates the magnetic monopole current 
generated for a given Yang-Mills field configuration. By 
the definition (|4L [) for k Xt)l , the number of configurations 
k Xtli is equal to (2L X ) 3 xL t x4 for the lattice specified 
by (gSl). 

We set up our numerical calculations as follows. First, 
we prepare a lattice with a finite volume V. In this case, 
the function h(x) in Eq. (|44| is chosen as 

h(x) = 1, (50) 

and therefore, a boundary condition for is given by 

n bound = T;j (51) 

Second, in order to define the parameters xq and p of the 
caloron on the lattice, we fix the lattice spacing: 



a = 0.1. 



Then we set 



p= 10a = 1.0, 

and fix the center on 

4' = (0,0, 0,0) + A, 



(52) 



(53) 



(54) 



where A is a small parameter introduced to avoid the 
pole singularities at Xq. Here we have chosen: 



(45) 



A = (0.5a, 0.5a, 0.5a, 0.5a). 



(55) 



5 



x%=( 0.050, 0.050, 0.050, 0.050) 



=(0.050, 0.050, 0.050, 0.050) 





(a) 



(b) 



x%=( 0.050, 0.050, 0.050, 0.050) 



x%=( 0.050, 0.050, 0.050, 0.050) 





(c) 



(d) 



FIG. 1: The charge distribution D x of the HS caloron with a fixed p = 10a — 1.0 and the associated magnetic-monopole current 
kx,^ in the three-dimensional space x% = projected from the four-dimensional space, which is regularized by the lattice of a 
finite volume V with a fixed L x — 35 and various choices of L t : (a)L t = 10, (b)Lt = 20, (c)L t = 30, {d)Lt = 40. The grid 
shows the caloron charge density D x on the X2-xz [x\ = t — 0) plane, together with its value being indicated in the legend on 
the right side. The black (thick) curve on the X2-X3 plane shows the loop of the magnetic current kx,y,- The colored (thin) lines 
on the X2-X3 plane show a contour plot for the equi-D x lines. Due to the periodicity of the t direction with the period /? = aLt, 
the top plane t — /3 should be identified with the bottom one t = 0. Here Xq denote the center parameter of the HS caloron. 



Third, we define the caloron charge Qy in a finite vol- 
ume V calculated from the U Xtfjl configuration as 

Qv = ^ D x , 

1 1 ±4 
n = \^ iiwpcjT tj 

~ 2 4 327T 2 ' x,liv<-J x.pai 

U KlliV = U x ^U x+[l . v ul +0 ^Ui„, (56) 

where D x is the caloron charge density and e is related 
to the usual e tensor (sgn(/z) = by 

l^upa = S g n ( Ai ) S g n ( i ,) sgn ( /3 ) sgn ( (T ) e lMllHlplkl. (57) 



A. HS caloron 



First, we consider the HS caloron. The result of nu- 
merical calculations for the HS caloron are summarized 
in FIG. Q] and TABLE Q] 





L t 


P 






1 &5G,pt — 


k x ,fj, — 1 


Qv 


(a) 


10 


1.0 





4 


13729992 


4 


0.952 


(b) 


20 


2.0 





8 


13729984 


8 


0.975 


(c) 


30 


3.0 





8 


13729984 


8 


0.980 


(d) 


40 


4.0 





8 


13729984 


8 


0.983 



TABLE I: The distribution of generated configurations of kx,^ 
and the charge Qv for the HS caloron on the lattice with a 
volume V — (2aL x ) 3 aLt with fixed L x = 35 and various 
L t = 10, 20, 30, 40 (with a = 0.1). 
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t 

3 
2.5 

2 
1.5 

1 

0.5 

a 



p/^ 0.050, 0.050, -0.474, 0.050) 
p 2 ^=(0.050, 0.050, 0.574, 0.050) 



p/=( 0.050, 0.050, -0.343, 0.050) 
p/=(0.050, 0.050, 0.443, 0.050) 




4 
3.5 

3 
2.5 

2 
1.5 

1 

0.5 
<3 




6.0e-05 
5.0e-05 
4.0e-05 
3.0e-05 
2.0e-05 
1.0e-05 
0.0e+00 



(c) (d) 

FIG. 2: The charge distribution D x of the KvBLL caloron with a fixed p = 10a = 1.0 and the associated magnetic-monopole 
current k Xl) i in the three-dimensional space xi = projected from the four-dimensional space, which is regularized by the lattice 
of a finite volume V with a fixed L x = 35 and various choices of Lt. (a)L t = 10, (b)Lt = 20, (c)Lt = 30, (d)L t = 40. The grid 
shows the caloron charge density D x on the X2-xz [x\ = t — 0) plane, together with its value being indicated in the legend on 
the right side. The black (thick) curve on the X2-X3 plane shows the loop of the magnetic current k Xlfi and the arrow indicates 
the direction of the monopole current. The colored (thin) lines on the X2-X3 plane show a contour plot for the equi-D x lines. 
Due to the periodicity of the t direction with the period /3 = aL t , the top plane t — (3 should be identified with the bottom one 
t = 0. Here pi , P2 denote the location of the poles of the KvBLL caloron. 



TABLE[T]shows that one-caloron is approximately con- 
structed on the lattice with a finite volume V, which is 
confirmed by 

Q v = 0.952^1, (58) 

for the choice of the lattice: 

L x = 35, L t = 10, 20, 30, 40. (59) 

For this choice, the total number of configurations for 
the magnetic current k x ^ is (2L X ) 3 x L t x 4 = 70 3 x 
10 x 4 = 13720000. TABLE [fl shows the distribution of 
the resulting magnetic current k x ^ on the lattice, which 
means that the current k x ,/j, is zero on almost all the links 
[x, fi) except for a small number of links, in fact, k x ^ is 
non-zero only on 4+4 links for L t — 10 and 8+8 links for 
L t = 20, 30, 40 independently of L t . 



FIG. [T] shows that the links on which k x ^ has non-zero 
value are localized at the center of the HS caloron. The 
HS caloron reduces to one-instanton of 't Hooft type in 
the limit /3 — > oo. Therefore, this result is consistent with 
that for one-instanton of 't Hooft type obtained in our 
past study @. Thus, we conclude that the HS caloron 
with a trivial holonomy does not lead to a nontrivial loop 
of magnetic monopole. 



B. KvBLL caloron 

Next, we consider the KvBLL caloron. The result of 
numerical calculations for the KvBLL caloron are sum- 
marized in FIG. [U and TABLE [D] 

For the KvBLL caloron, the function h(x) in Eq. (|44")) 
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L t 


P 


\kx,„\ > 1 


kx,/.i — ■ 


-1 k x>fl = 




Qv 


(a) 


10 


1.0 





10 


13719980 


10 


0.973 


(b) 


20 


2.0 





22 


13719956 


22 


0.986 


(c) 


30 


3.0 





12 


13719976 


12 


0.987 


(d) 


40 


4.0 





8 


13719984 


8 


0.987 



TABLE II: The distribution of generated configurations of 
k Xtll and the charge Qv for the KvBLL caloron on the lat- 
tice with a volume V = (2aL x ) 3 aL t with fixed L x = 35 and 
various L t = 10, 20, 30, 40 (with a = 0.1). 
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2.2 2.4 



p 

FIG. 3: The magnetic-monopole loops generated from the 
KvBLL caloron wind or unwind around S 1 depending on the 
choices of p and f3. The winding case is denoted by a circle, 
while unwinding by the cross. 

is h(x) = 1, therefore, a boundary condition for n x is 
given by (ISTj) . We prepare the KvBLL caloron with the 
parameters p and Xq = (0, 0, 0, 0) + A on a lattice with 
a fixed lattice spacing a = 0.1 with the size: a fixed L x 
and various choices for L t : 

L x = 35, L t = 10, 20, 30, 40. (60) 

The nontrivial holonomy H is fixed by taking 

6 = 77. (61) 

Here, we have calculated the magnetic monopole by 
changing L t , since we are interested in behavior of the 
resulting magnetic monopole loop for variation of the pe- 
riod (3 = aL t = 1.0, 2.0, 3.0, 4.0. 

First, we fix p = 1.0. TABLE HQ and FIG. [2] show 
the resulting magnetic monopole loops generated from 
the KvBLL caloron. FIG (5] shows how the magnetic 
monopole loops behave as (3 changes. In FIGUfa) for 
f3 = 1.0, two magnetic loops wind along 5* 1 and each 
of the two loops passes through a pole of the KvBLL 
caloron. Here the magnetic monopole current fc X)jU runs 
in opposite directions. 



As j3 becomes larger, see (b) for f3 — 2.0, two poles 
Pi,P2 get together and two loops fuse into a trivial loop 
(with a trivial winding number) which is not winding 
along S , before two currents in the opposite directions 
collide to be annihilated. Eventually, the loop tends to 
shrink towards the center of the caloron, as seen in (c) 
for (3 = 3.0 and (d) for /? = 4.0. 

Our results indicate that the KvBLL caloron with non- 
trivial holonomy can be the source of the loop of magnetic 
monopole. 

Next, we change p in the range p 2 — 1, 2, 3, 4, 5. FIG. [3] 
shows whether the resulting magnetic loop winds or not 
along S 1 for various choices of L t and p. FIG.[3]indicates 
that the critical circumference f3 c at which the winding 
number of the loop varies exists and that f3 c depends on 
p: f3 c and p have a positive correlation, which is schemat- 
ically shown in FIG. [3J f3 c is approximately proportional 
to p: 

I3 C oc p. (62) 

It turns out that the loop winds along S 1 in smaller /? 
for smaller p and that the critical is non-zero f3 c > for 
any value of p. Such magnetic monopole loops as those 
shown in this paper had been shown to exist on the lattice 
using lattice simulations [35T4371 ] . The (3 dependence of 
magnetic-monopole loops generated from the instanton 
with trivial holonomy was studied in a different formula- 
tion, see [38j . 



V. SUMMARY 

In this paper, we have investigated the possible mag- 
netic monopole content in the one-caloron solution, i.e., 
a periodic self-dual solution of the Yang-Mills field equa- 
tion with the period (3 defined on I 3 x 5 1 . Using the 
method developed in our previous paper [5|, we have 
shown in a numerical way that the one-caloron solution 
with nontrivial holonomy, i.e., KvBLL caloron, can be a 
source of the closed loop of magnetic monopoles, while 
the one-caloron with trivial holonomy, i.e., HS caloron, 
does not generate the magnetic monopole loop. 

The magnetic loop generated from the KvBLL caloron 
changes its topological behavior depending on the mag- 
nitude of the periodicity /?, which is the length of the cir- 
cumference of S 1 in M 3 x S 1 . Since the j3 is identified with 
the inverse temperature T _1 in the Yang-Mills theory at 
finite temperature, this result could be a clue to under- 
stand the phase transition from confinement phase to the 
deconfinement phase at finite temperature from the view- 
point of magnetic monopole according to the dual super- 
conductor picture for the QCD vacuum, as studied based 
on dyons in |39j . The detailed study from this viewpoint 
will be given in future publications. 
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